Abstract. Using the Luthar-Passi method, we investigate the Zassenhaus and Kimmerle conjectures for normalized unit groups of integral group rings of the Held and O'Nan sporadic simple groups. We confirm the Kimmerle conjecture for the Held simple group and also derive for both groups some extra information relevant to the classical Zassenhaus conjecture.
Let U (ZG) be the unit group of the integral group ring ZG of a finite group G. It is well known that U (ZG) = U (Z) × V (ZG), where
is the normalized unit group of U (ZG). Throughout the paper (unless stated otherwise) the unit is always normalized and not equal to the identity element of G.
One of most interesting conjectures in the theory of integral group ring is the conjecture (ZC) of H. Zassenhaus [27] , saying that every normalized torsion unit u ∈ V (ZG) is conjugate to an element in G within the rational group algebra QG.
For finite simple groups, the main tool of the investigation of the Zassenhaus conjecture (ZC) is the Luthar-Passi method, introduced in [21] to solve this conjecture for the alternating group A 5 . Later in [18] M. Hertweck applied it for some other groups using p-Brauer characters, and then extended the previous result by M. Salim [25] to confirm (ZC) for the alternating group A 6 in [17] (note that for larger alternating groups the problem is still open). The method also proved to be useful for groups containing non-trivial normal subgroups as well (see related results in [1, 15, 16, 18, 20, 22] ).
One of the variations of (ZC) was formulated by W. Kimmerle in [20] . Denote by #(G) the set of all primes dividing the order of G. The Gruenberg-Kegel graph (or the prime graph) of G is the graph π(G) with vertices labelled by the primes in #(G) and there is an edge from p to q if and only if there is an element of order pq in the group G. Then W. Kimmerle asked the following:
Conjecture (KC): Is it true that π(G) = π(V (ZG)) for any finite group G? It is easy to see that the Zassenhaus conjecture (ZC) implies the Kimmerle conjecture (KC). In [20] W. Kimmerle confirmed (KC) for finite Frobenius and solvable groups. Recently (KC) was confirmed for some simple groups (see [17, 18] ), including 12 of 26 sporadic simple groups (see [2, 3, 4, 5, 6, 7, 8, 10] ).
In the present paper we confirm (KC) for the Held sporadic simple group He [14, 26] , using the Luthar-Passi method as the main tool. We also study the same problem for the O'Nan sporadic simple group ON [24] , and prove the non-existence of torsion units of all orders relevant to (KC) except orders 33 and 57. Additionally, we derive certain information about possible torsion units in V (Z[He]) and V (Z[ON]) and their partial augmentations, which will be useful for further investigation of (ZC) for these groups. The development version of the GAP package LAGUNA [9] was very helpful to speed up computational work and derive purely theoretical arguments for the proof.
First we introduce some notation. Let G be a group. Let C = {C 1 , . . . , C nt , . . .} be the collection of all conjugacy classes of G, where the first index denotes the order of the elements of this conjugacy class and C 1 = {1}. Suppose u = α g g ∈ V (ZG) be a non-trivial unit of finite order k. Denote by
the partial augmentation of u with respect to the conjugacy class C nt . From the Berman-Higman Theorem (see [1] ) one knows that ν 1 = α 1 = 0, so the sum of remaining partial augmentations for non-trivial conjugacy classes is equal to one:
(1)
Clearly, for any character χ of G, we get that χ(u) = ν nt χ(h nt ), where h nt is a representative of a conjugacy class C nt .
The main results are the following.
Theorem 1. Let G be the Held sporadic simple group He. Let P(u) be the tuple of partial augmentations of a torsion unit u ∈ V (ZG) of order |u|, corresponding to all non-central conjugacy classes of the group G, that is
The following properties hold.
(i) There is no elements of orders 34, 35, 51, 85 and 119 in V (ZG). Equivalently, if |u| ∈ {20, 24, 30, 40, 42, 56, 60, 84, 120, 168}, then |u| coincides with the order of some g ∈ G.
(ii) If |u| = 2, the tuple of the partial augmentations of u belongs to the set
(iii) If |u| = 5, then u is rationally conjugate to some g ∈ G.
(iv) If |u| = 3, the tuple of the partial augmentations of u belongs to the set
(v) If |u| = 17, the tuple of the partial augmentations of u belongs to the set
Corollary. If G is the Held sporadic simple group, then π(G) = π(V (ZG)).
Theorem 2. Let G be the O'Nan sporadic simple group ON. Let P(u) be the tuple of partial augmentations of a torsion unit u ∈ V (ZG) of order |u|, corresponding to all non-central conjugacy classes of the group G, that is
The following properties hold. then |u| coincides with the order of some g ∈ G.
(ii) If |u| ∈ {2, 3, 5, 11}, then u is rationally conjugate to some g ∈ G.
(iii) If |u| = 7, the tuple of the partial augmentations of u belongs to the set
(iv) If |u| = 31, the tuple of the partial augmentations of u belongs to the set
(v) If |u| = 33, the tuple of the partial augmentations of u belongs to the set P(u) | (ν 3a , ν 11a ) = (12, −11), ν kx = 0, kx ∈ {3a, 11a} .
(vi) If |u| = 57, then tuple of the partial augmentations of u belongs to the set
For the proof we will need the following results. The first one relates the solution of the Zassenhaus conjecture to vanishing of partial augmentations of torsion units.
Proposition 1 (see [21] and Theorem 2.5 in [23] ). Let u ∈ V (ZG) be of order k. Then u is conjugate in QG to an element g ∈ G if and only if for each d dividing k there is precisely one conjugacy class C with partial augmentation ε C (u d ) = 0.
The next result yields that several partial augmentations are zero.
Proposition 2 (see [15] , Proposition 3.1; [18] , Proposition 2.2). Let G be a finite group and let u be a torsion unit in V (ZG). If x ∈ G and its p-part, for some prime p, has order strictly greater than the order of the p-part of u, then ε x (u) = 0.
The main restriction on the partial augmentations is given by the following result.
Proposition 3 (see [18, 21] ). Let either p = 0 or p is a prime divisor of |G|. Suppose that u ∈ V (ZG) has finite order k and assume that k and p are coprime when p = 0. If z is a complex primitive k-th root of unity and χ is either a classical character or a p-Brauer character of G then, for every integer l, the number
Note that if p = 0, we will use the notation µ l (u, χ, * ) for µ l (u, χ, 0). When p and q are two primes such that G contains no element of order pq, and u is a normalized torsion unit of order pq, Proposition 3 may be reformulated for as follows. Let ν k be the sum of partial augmentations of u with respect all conjugacy classes of elements of order k in G, i.e. ν 2 = ν 2a + ν 2b , etc. Then by (1) 
From the Proposition 3 we obtain that the values
are nonnegative integers. It follows that if χ has the specified property, then
, where
Finally, we shall use the well-known bound for orders of torsion units.
Proposition 4 (see [11] ). The order of a torsion element u ∈ V (ZG) is a divisor of the exponent of G.
Proof of Theorem 1. Throughout the proof we denote by G the Held sporadic simple group He. It is well known [12, 13] 
The character table of G, as well as the Brauer character tables for p ∈ {2, 3, 5, 7, 17} can be found by the computational algebra system GAP [13] , which derives its data from [12, 19] . Throughout the paper we will use the notation of GAP Character Table Library for the characters and conjugacy classes of the group He.
It is known that He possesses elements of orders 2, 3, 4, 5, 6, 7, 8, 10, 12, 14, 15, 17, 21 and 28. From this we can derive that to deal with (KC), we need to show that V (ZG) has no units of orders 34, 35, 51, 85 and 119. Therefore, there are also no units of orders divisible by any number from this list. Since by Proposition 4, the order of each torsion unit divides the exponent of G, the only remaining opportunities for the order are 20, 24, 30, 40, 42, 56, 60, 84, 120 and 168, explaining formulation of part (i) of Theorem 1.
We will begin with orders that do not appear in G, and will give a detailed proof for the order 35. The proof for the other cases can be derived similarly from the table below, which contains the data describing the constraints on partial augmentations ν p and ν q for possible orders pq (including the order 35 as well) accordingly to (3)- (5) .
If u is a unit of order 35, then ν 5 + ν 7 = 1. Consider 2-Brauer characters ξ = χ 1 + χ 2 + χ 3 + χ 6 + χ 8 and τ = χ 6 + χ 7 + χ 8 + χ 9 , which are encoded in the table as ξ = (1, 2, 3, 6, 8) [2] and τ = (6, 7, 8, 9) [2] respectively. These characters are constant of elements of order 5 and elements of order 7: ξ(C 5 ) = 4, ξ(C 7 ) = 0, τ (C 5 ) = −8 and τ (C 7 ) = 5. Now we obtain the system of inequalities µ 0 (u, ξ, 2) = Therefore, part (i) of Theorem 1 is proved. Now it remains to consider elements of orders covered by parts (ii)-(v) of Theorem 1.
• Let |u| = 5. Since there is only one conjugacy class in G consisting of elements or order 5, the Proposition 2 yields immediately that for units of order 5 that there is precisely one conjugacy class with non-zero partial augmentation and by Proposition 1 part (iii) of Theorem 1 is proved.
• Let u be an involution. By (1) and Proposition 2 we get ν 2a + ν 2b = 1. Applying Proposition 3 to the character χ 2 with χ 2 (2a) = 11, χ 2 (2b) = 3, we obtain
From the requirement that all µ i (u, χ j , * ) must be non-negative integers it can be deduced that (ν 2a , ν 2b ) satisfies the conditions of part (ii) of Theorem 1.
• Let u has order 3. By (1) and Proposition 2 we obtain that ν 3a + ν 3b = 1. Then using Proposition 3 for the character χ 2 , we get the system µ 0 (u, χ 2 , * ) = 4ν 3a + 17 ≥ 0; µ 1 (u, χ 2 , * ) = −2ν 3a + 17 ≥ 0; µ 0 (u, χ 4 , 2) = 1 3 (−14ν 3a + 4ν 3b + 101) ≥ 0, that has only 10 integer solutions (ν 3a , ν 3b ) listed in the part (iv) of Theorem 1, such that all µ i (u, χ j , * ) are non-negative integers.
• Let u of order 17. By (1) and Proposition 2 we get ν 17a + ν 17b = 1. Applying (2) to the ordinary character χ 7 with χ 7 (17a) = , and putting t = 9ν 17a − 8ν 17b , we obtain the system of inequalities
17 (−8ν 17a + 9ν 17b + 246) ≥ 0, that has 30 integer solutions (ν 17a , ν 17b ) listed in part (v) of Theorem 1, such that all µ i (u, χ j , * ) are non-negative integers.
Proof of Theorem 2. Throughout the proof we denote by G the O'Nan sporadic simple group ON of order |G| = 2 9 ·3 4 ·5·7 3 ·11·19·31 and exp(G) = 2 4 ·3·5·7·11·19·31. Besides ordinary character tables, for G also Brauer characters tables are known for p ∈ {2, 3, 5, 7, 11, 19, 31} (see [12, 13, 19] ). As before, we use the GAP notation for the characters and conjugacy classes of G.
It is known that G possesses elements of orders 1, [7] 6 0 0 1233 120 0 33 3 11 ξ = (3) [7] 6 0 11 1215 -60 0 τ = (23) [7] [7] 18 0 0 21924 648 0 57 3 19 ξ = (1, 2, 8, 9) [7] 18 0 0 36369 -972 0 τ = (23) [7] 4 • Let u be a torsion unit of order 22. By (1) and Proposition 2 we have that ν 2a + ν 11a = 1. Then using Proposition 3 for the ordinary character χ 2 and 3-Brauer character χ 2 and putting t = 64ν 2a − ν 11a , we obtain the system
(10t + 10998) ≥ 0, which has no integral solutions such that all µ i (u, χ j , * ) are non-negative integers.
• Let |u| = 35. By (1) and Proposition 2, ν 5a + ν 7a + ν 7b = 1. Also, from the table above we have that ν 5a = −20. This restriction greatly facilitates the next step, when using Proposition 3 for the ordinary character χ 2 with χ 2 (7a) = 17, χ 2 (7b) = 3 and putting t = 17ν 7a + 3ν 7b , we obtain two incompatible constraints
where the values of α 1 and α 2 parametrised by χ(u 5 ) = k 1 χ(7a) + k 2 χ(7b) are given in the following table.
Now it remains to consider elements of orders that appear in the group G.
• Let |u| ∈ {2, 3, 5, 11}. Since there is only one conjugacy class in G consisting of elements or each of these orders, the Proposition 2 yields immediately that for such units there is precisely one conjugacy class with non-zero partial augmentation and by Proposition 1 part (ii) of Theorem 2 is proved.
• Let u has order 7. By (1) and Proposition 2 we obtain that ν 7a + ν 7b = 1. Put t = −17ν 7a − 3ν 7b . Then using Proposition 3 for the ordinary character χ 2 with values χ 2 (7a) = 17, χ 2 (7b) = 3 and 3-Brauer character χ 2 with χ 2 (7a) = 7, χ 2 (7b) = 0 we get the system of inequalities µ 0 (u, χ 2 , * ) = • Let |u| = 31. By (1) and Proposition 2 we obtain that ν 31b = 1−ν 31a . Proposition 3 for the 7-Brauer character χ 3 with χ 3 (31a) = χ 3 (31b) = −7+ √ −31 2 yields µ 1 (u, χ 3 , 7) = 1 31 (31ν 31a + 1209) ≥ 0; µ 3 (u, χ 3 , 7) = 1 31 (−31ν 31a + 1240) ≥ 0. This system of inequalities has 80 integer solutions (ν 31a , ν 31b ) listed in the part (iv) of Theorem 2, such that all µ i (u, χ j , * ) are non-negative integers.
